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1.0 Introduction

Abstract

-
sion estimator for the density of prime gaps 
for all primes less than or equal to N=108

this paper also infers the behavior of the es-
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to N. The nth prime gap is given by:
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n
,       n=1,2,…N    (1.1)

If there are n prime, then there are 
exactly (n-1) prime gaps. Accord-
ing to the Prime Number Theorem 
(PNT, 1896), there are approximately:

 (1.2)  

primes. The number of prime gaps 
will therefore be approximately.

However, we are not able to determine 
just how many primes gaps are of sizes 
2, 4, 6, 8, … and there is no existing for-
mula for determining these. Hardy and 
Littlewood (1923) conjectured that if 

primes less or equal to one hundred million (10 ). Results suggest that the estimated number of twin 
primes is about 6.7% higher than the actual number of twins which is a slight improvement over 
the theoretical distribution suggested in the literature. The calculated mean absolute error was 

distributed around zero with a standard error in the order                    where M is half the maximal prime
gap.

2
(N) is the number of gaps of size 2, then

(1.3)

where  

This conjecture has never been proven to 
date. Assuming that (1.3) is true, we are 

4 6
(N),… 

unless we assume how the remaining gaps

ON A MIXED REGRESSION ESTIMATOR FOR THE 
DENSITY OF PRIME GAPS 

                                                              are 
allocated to gaps sizes 4, 6, 8 ,… . Yama-

-
ponential distribution to gaps of d

n
=2k:

Yamasaki and Yamasaki (1995) found that 
the estimators obtained are 10% higher than 
the actual numbers, at least for twin primes. 
For these reasons, we develop an empir-
ical model for the distribution of prime 
gaps based on actual counts for  N = 108.
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2.0  Review of Yamasaki et. Al. (1995) 
Theoretical Prime Gap Distribution

-
ted an exponential distribution to the prime 
gaps as a theoretical distribution under the 
independence hypothesis based on a heu-
ristic argument. Consider the exponential 
distribution on R+ -

or

(2.1)

-

-

of t. It is assumed that the exponential dis-
tribution can be applied to the prime gaps. 
However, the gaps are always even integers 

Nonetheless, it is argued that the smallest 
gap d

n 

compared with the mean value E(d
n
)~log(n) 

after n primes. They then proposed to use:

(2.2)

(2.3)

From (2.2), for instance, we deduce that a 
gap of 6 is twice more probable than gaps of 
2 or 4. Moreover, Model (2.2) accounts for 
obvious inter-relations of the prime gaps. In 
their conclusion, the authors averred that: 
(a) the number of twin primes (d_n=2) is 

about 10% smaller than predicted by (2.2); 

-
-

ing a better estimator for the distribution 
of prime gaps to get better concordance.

3.0 A  Mixed Regression Model for 
Prime Gaps 

Let  {d
n (n=1) 

be the sequence 
-

ty model to {d
n

(3.1)

n   n  
< 1 . As-

suming all events are independent, the 
probability that a prime gap is of size h is :

This is the geometric distribution 

n
. The geometric distribu-

tion is a discrete probability distribu-
tion with the memory-less property:

P(d
n n 

> s) = P (d
n
 > t) (3.3)

-
tribution to (3.2), we consider a re-

n n

Let (3.2) be written as:

P(x=k)=p(1-p)k (3.4)

then, the moment – generating function of 

(3.5)

(3.2)
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(3.6)

which is the moment – generating function 
of an exponential distribution with rate pa-

Theorem 1. The geometric distribution 
of prime gaps {d

n

(3.6) tends to the Exponential distribu-

(3.7)

The exponential distribution with rate pa-

The current state of knowledge on primes, 
however, excludes the use of equation (3.7) 
to model the distribution of prime gaps be-

n 
~ 1/log(n)  for large n by the Prime 

Number Theorem (PNT) and:

(3.8)

large N. In this case,

(3.9)

x
, x>0 (3.10)

which a regression estimator of (3.10) will 

(3.11)

In the next section, we compare the results 
of modeling the prime gaps as (15) for  
N=108 with Yamasaki et al. (1995) results.

4.0 Numerical Results and Error Analysis

Figure 1 shows the scatterplot of the actual 
prime gaps for all primes less or equal to 
100,000,000 against the probability of ob-
serving the gaps:

Figure 1: Histogram of prime gaps for all primes less or equal to N=108.
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We observe that the histogram 
shows an exponential decay pattern. How-
ever, the decrease in the density function 
becomes more or less smooth after gaps of 
size 50 or more. There are at least three(3) 
starting curves that one can discern by visu-
al inspection. The general trend involving 
all the prime gaps (middle curve), the upper 

curve representing the density for all gaps 
which are multiples of 6 (upper curve), and 
the curve at the bottom representing the 
density for all gaps which are multiples of 
2k (bottom curve).

Table 1 shows the summary of the regres-
sion done for all three(3) curves:

Table 1: Estimated Regression Functions for Various Starting Curves

x
f (x) = 1. 

Figure 2 shows the plot of the estimated 

Figure 2: Estimated Density of the Residuals Model (3.13)

density function as normalized. 
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Table 1 shows a comparison of the actual 
probabilities and the estimated probabilities 
based on model (3.13). The density of twin 

Table 1: Actual Versus Estimated Density of the Prime Gaps

primes is about 6.7% higher than the actual 
probability computed, an improvement over 
Yamasaki and Yamasaki (1995) estimate.

Error Analysis:

 Figure 4 shows the histogram of 
the estimated residuals (actual prob – esti-
mated prob). The histogram suggests that 
the residuals are symmetrically distributed 
around zero (mean).
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Figure 4: Histogram of the Estimated Residuals
Variable             N       Mean     Median     TrMean      StDev    SE Mean
residual               96   -0.00000   0.00000      0.00012     0.00282    0.00029

The standard error of the mean 
shows that the mean of the estimated resid-
uals tend to zero in the order 

or M = number of prime gaps. Figure 5 
displays the Kolmogorov-Smirnov test for 

normality of the residuals and the normal 
probability plot. The test rejects the hy-
pothesis of normality, hence, the residuals, 
although, symmetrically distributed about 
zero are not normally distributed.
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Figure 6 shows the autocorrelation func-
tion for the residuals. The autocorrelation 
function suggests that the residuals have 

Figure 6: Autocorrelation Function of the Residuals

Figure 7 shows the plot of the residuals 
versus order. The errors are relatively high-
er(but bounded) for the estimation of the ac-

Figure 7: Residuals versus Order

t t

value of the residuals, t = 1,2,…,n. These 
quantities represent the absolute values of 
the errors . Figure 8 shows the time series 

-

 and for large t:
sup

t t

tual density of prime gaps for smaller gaps 
but are almost zero for larger prime gaps.

the residuals are independent (zero autocor-
relation function after lag 1).
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Figure 8: Time series plot of the absolute residuals

We attempted to model the proba-
bility distribution of the absolute values of 

Figure 9: Histogram of the Absolute Values of the Residuals

t 

are respectively:

The mean and variance of the absolute re-
siduals are given below:

Table 2: Mean and Standard Deviation of 
the Absolute Residuals

Variable  N  Mean Median TrMean  StDev   
abs(resi)      96   0.00095  0.00002    0.00048    0.00265   

These give the following estimated values 
of the parameters of the beta distribution:

the residuals. Figure 9 shows the histogram 
of the absolute residuals.
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We simulated 100,000 random num-
bers from this beta density and calculated 
the descriptive statistics to compare with 

Variable             N           Mean     Median     TrMean      StDev      SE Mean
abs(resi)            96        0.00095    0.00002    0.00048      0.00265     0.00027
random           100000    0.00095    0.00002     0.00048     0.00265      0.00001

Variable       Minimum    Maximum         Q1          Q3
abs(resi)       0.00000         0.02047        0.00000    0.00066
random         0.00000        0.05797         0.00000    0.00052

Table 3: Comparing Descriptive Statistics of the Actual Versus Fitted Beta Distribution

There is a perfect agreement for the 
-

the maximum absolute residual is about 
-

tribution. Figure 10 shows the histogram 
for one(1) sample of size 96 obtained from 
this density function which bears close re-
semblance to the actual probability his-
togram of the absolute errors in Figure 9:

Figure 10: Histogram of Random Numbers from the hypothesized beta distri-
bution

tt M

Gnadesikan (1978),

the maximum variance is achieved when 

Consider now the least-squares esti-

From Graybill (1984)

the actual values of the descriptive statis-
tics for the absolute values of the residuals. 
These are shown in Table 3:
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However, we can write:

Hence:

where: var(x) ~ log2

(Cramer, 1936) Similarly:

What can be inferred is that for large M, 
â will be normally distributed with mean a 
and 

On the other hand, b will tend to b with a 

b
2 = 0).

References

Brent, R.P. (1975). Irregularities in the dis-
tribution of primes and twin primes.
Math.. Comp. 29 p43-56 3.

Cramér, H. (1937). On the order of magni-
tude of the difference- between con-

secutive prime numbers. Acta 
Arithm. 2 p23-46 5.

Hardy, G.H. &Littlewood, J.E. (1923). 
Some problems of “Partitio Nu-
merorum”,III: on the expression of 
a number as a sum of primes. Acta 
Math, 44 p1-70. Reprinted in “ Col-
lected papers of G.H.Hardy”, vol.I 
561-630. Clarendon Press, Oxford,
1966.

Mozzochi, C.J. (1986). On the difference 
between consecutive primes. J. 
Number Theory 24 p181-187

Shanks, D. (1964). On maximal gaps bet-
ween successive primes. Math. 
Comp. 18 p646-651 

Yamasaki, Y. and Yamasaki, A. (1995).On 
the gap distribution of prime num
bers.

Young, J. &Potler, A. (1989). First occur-
ence prime gaps. Math. Comp. 52 
221-224


